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We prove that a strictly non-blocking n-connector of depth k must have f2(n 1+1Irk-a)) 
edges. 

1. Introduction 

Let G= (V, E) be a directed acyclic graph with two distinguished subsets of  
vertices I and J, IN J= O, called inputs and outputs respectively. (G,/,  J )  is said to 
be strictly non-blocking if for any iEl, jEJ, and set P of  vertex disjoint paths origi- 
nating in 1-{i} and terminating in J-{ j  }, there is a path from i to j which is vertex 
disjoint from all paths in P. This definition arises in the study of telephone switching 
networks. In this model, I and J respectively represent callers and receivers. Our 
telephone network is designed to allow any number of  two-way calls from members 
o f / t o  members of  J, as long as anyone is talking to at most one person at a time. 
Callers are allowed tO hang up and call up a free (i.e. not busy with another caller) 
receiver. The edges and non-terminal vertices (i.e. V - l - J )  of G respectively repre- 
sent telephone wires and switches. A switch selects one incoming and one outgoing 
wire; the selected wires form paths linking eaUers to receivers. Distinct paths are 
not allowed to share switches or wires. If  the network is strictly non-blocking then 
whenever a free caller calls up a free receiver, there will exist a path between them 
which does not cross any other caller's path. 

If  V=~U~U...UVk with V~NVj=0 for i;~j, Vo=L V~=J, and if 
all edges originating in V~ terminate in ~+1 for all i, then we call G a graph of  depth 
k. If II1= IJI = n (here IAI denotes the size of  A), then we call G a strictly non-blocking 
n-connector. We shall prove that a strictly non-blocking n-connector of  depth k must 
have t2(n ~+~/tk-~)) edges. This improves the previous known lower bound of t2(n l+~/k) 
implied by a result of  Pippenger and Valiant (see [2]), and matches the upper 
bound to within a constant factor for k = 2  and 3. More generally, the best known 
upper bound is O(n 1+x/m) for graphs of  depth 2m and 2m-1 ,  for any integer m, 
due to C. Clos (see [1]). 

The problem was posed to the author by N. Pippenger. The author would 
like to thank him for many useful discussions and comments. 

AMS subject classification (1980): 94A 
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2. The lower bound 

For  v f V  let Dr(v) be those vertices which have an edge originating from 
them and terminating in v, and DR(v) be those vertices with an edge terminating in 
them and originating in v. Let dL(v)=lDz(v)[ and d~(v)=lD~(v)l; these are called 
the left and right degrees of  v. First we will prove the result for k =  2, V =  V0 U V~U V~. 

For  any iE1, jEJ let V~j=---DR(i)~DL(j). 
o 

V, 7 �9 

Fig. 1 

Lemma 2.1. For any iC I, jCJ we have 

(1) 1 1 Z a,(v) >-_1. v~v u dR(v) 
Proof. Let Vt#= {vx . . . . .  Vm}. Let  v,1, v~, . . . . .  yore be a rearrangement of  Vx . . . . .  v, 
in increasing dL order, i.e. dt(val)~-dt(va,) ~-...~-dL(vom). Let vbl . . . . .  vb,, be a 
rearrangement in increasing dR order. Assume for the moment  that d~.(Vo,)~_s+l 
for all s. 1hen dz(val)~-2, so there is a vertex /o,~I connected to vo~ (i.e. ~D~.(v~l)) 
which is not  i. Since d t ( % ) ~ 3  there is a vertex / ~ I  connected to v~, which is 
not  i or /~, .  Proceeding this way we construct distinct vertices i,: . . . . .  i~, none of 
which are i and such that each i,~ is connected to VaF I f  the same were true for the 
right degrees, dR(v~,)>=s+ 1, then we would have each vb, connected to a distinct 
j~, which is not j .  

It would then be impossible to find a path from i to j avoiding the m patl~ 
{it~v~j~}t=x ..... m, since any path from i to j must hit V~j. "Ibis contradicts the 
fact that G is strictly non-blocking. 

"lhus for some s either dh(va,)<=s or dR(vb)~--s. But then 

1 1 ( 1 L 1 ' ( 1 1 , 
7, t 

v ~ VII 

! 1 
=~sX ,-r-z-m-+sX ,-;-7--r -~ 1. I 

aL (va,) aR (vb~) 

Fig. 2 
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Theorem 2.2. Let G be a strictly non-blocking n-connector o f  depth 2. Then IEl~_n ~. 

Proof .  Summing equation (1) over all i a n d j  we have 

1 1 

i E I , j E J  v E g t l  

= ~ '  + ( #  of ~ / s  containing v) = 
v E V t  

( 1 +  1/ 
=',,E~zzt t d - d ~  d - ~ )  dL(v)d"(~ = ,,Ev, ~ (d,(v)+dL(V))= lEI. II 

Now we prove the depth k case, V = V o U ~ U . . . U ~ .  For i6I and jEJ 
let ~4tl be those vertices of ~ which lie on a path from i to j ,  and B u those of ~_~ 
on paths from i to j .  

4 

AiS . ~ 

I=V a 
Fig.  3 

Lemma 2.3. For any iE I, jE J we have 

(2) I l 
t- Z dR(v) -~ 1. Z dL(v) o~,, vEAl  I 

Proof. If  not, then there are distinct vertices ix . . . . .  i~, o f / ,  none of  which is i, 
each connected to a distinct member of A u, and vertices jx . . . . .  is, of  J similarly 
connected to Bil. Now connect as many members of As/as possible to members 
of Bil by vertex disjoint paths, and complete the paths from il, .... i m to A . . . . .  Jm'. 
Then there is no path from A~ to Bij avoiding this set of  paths, and thus no path 
from i to j avoiding this set. This contradicts the strictly non-blocking property 
of G. II 

Lemma 2.4. Let G be a strictly non-blocking n-connector o f  depth k for which 

dLfv) -< 81E___].l, d~(v) <_ __81El , VvEr'. 
n n 

Then 

Proof. For jEI,  let Aj denote the set of  vertices in Vx which have a path to j ;  
let B~, for iE/, denote those of ~ -1  which lie on some path from i. Since dg(o)~ 
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<-8[E[/n for all v, we have that for any jCI, 

o 

Similarly, 

Now summing equation (2) over all i , j  yields 

1 1 

"" ~,~,j ij ~B,j dR(O 

1 1 
Z ( #  i's connected to v) ~ + lz ~ Z ( # j ' s  connected to = ~ vs vEB, 1))d'-d~ 

= - + 4  = 2 n  

(since IJl+[II=2n). Thus (1)'-l(l) 
IEI k-1 _~ g -~ n e 

and the lemma follows. II 

Theorem 2.5. Let G be a strictly non-blocking n-connector of  depth k~_3. Then 

[E[ ~_ ~-~ nl+l/(k-1). 

Proof. Let V" be the set of  vertices with dL of dR exceeding 4 IEI/n. since z~ dL(V)= 
gel," 

= [El, there are at most n/4 vertices with dLmore than 4[El/n. Similarly there are at 
most n/4 vertices with dR more than 41EI/n. ~[hus IV'l~_n/2. Let P be a maximal 
set of  vertex disjoint paths from I to J such that each path hits at least one member 
of  V'. Then the subgraph induced on the vertex set V= V -  V ' -  {vertices in P} is 
strictly non-blocking. Furthermore I7 has (# inputs) = (# outputs) => n/2. Applying 
Lemma 2.4 to 17yields that the number of edges in the induced subgraph is at least 

(11 ( I 'la/(•-l)( l t ' 2 " J  ~--fn)'~k/(k-~) = (11 (llX+2/(k-x) nX+X/q'-l) ~ 3~n~+~/(._x) 
(remember k_->3 so 2/ (k -  1)_ 1). The theorem follows. 
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